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Q CURVATURE PRESCRIPTION; FORBIDDEN FUNCTIONS
AND THE GJMS NULL SPACE
A. ROD GOVER
Abstrat. On an even onformal manifold (M, c), suh that the ritial GJMS
operator has non-trivial kernel, we identify and disuss the role of a nite dimen-
sional vetor spae N (Q) of funtions determined by the onformal struture.
Using these we desribe an innite dimensional lass of funtions that annot
be the Q-urvature Qg for any g ∈ c. If ertain funtions arise in N (Q) then
Qg annot be onstant for any g ∈ c.
1. introdution
Branson's Q-urvature Qg is a natural salar Riemannian invariant dened on
even dimensional manifolds; it was introdued in the far sighted works [9, 5, 6℄ of
Branson-Ørsted and Branson. Algorithms for obtaining Qg, and expliit formulae
in low dimensions, may be found in [20, 22℄. The problem of onformally pre-
sribing Q-urvature is that of determining, on a xed even dimensional onformal
struture (Mn, c), whih funtions may be the Q-urvature Qg for some g ∈ c; in
other words it is the problem of haraterising the range of the map
(1) Q : c→ C∞(M) given by g 7→ Qg .
This has drawn onsiderable attention reently (e.g. [2, 3, 12, 15, 26℄), and espe-
ially the uniformisation type problem of whether one may nd a metri in c with
Qg onstant, see for example [13, 14, 16℄ and referenes therein.
Throughout we shall work on an even losed (that is, ompat without bound-
ary) onformal manifold (M, c). For simpliity of exposition we shall assume that
this is onneted. All strutures will be taken smooth and here c is a Riemannian
onformal lass. That is it is an equivalene lass of Riemannian metris where
g ∼ ĝ means that ĝ = e2ωg for some ω ∈ C∞(M). For metris related in this way,
their Q-urvatures are related by
(2) Qbg = e−nω
(
Qg + P gω
)
,
where the linear dierential operator P g : C∞(M)→ C∞(M) is the ritial (mean-
ing dimension order) GJMS operator of [21℄. In dimension 4 the operator is due
to Paneitz, while in dimension 2 P g it is simply the Laplaian. In all (even) di-
mensions this operator takes the form P g = ∆n/2 + lower order terms where ∆
indiates the Laplaian. More important for our urrent purposes is that it is
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formally self-adjoint [23℄ and may be expressed as a omposition
(3) P g = δMd,
where δ the formal adjoint of the exterior derivative d, and M is some other
linear dierential operator (from 1-form elds to 1-form elds). Note also that
P g is onformally invariant in the sense that if g and ĝ are onformally related,
as above, then P bg = e−nωP g; in fat this is a neessary onsequene of the Q-
urvature transformation law (2). Given a linear operator Op, we shall generally
write N (Op) for its null spae. From the onformal transformation law for P g,
it follows that its null spae N (P g) is onformally stable. That is for any pair of
metris g, ĝ in the onformal lass c we have N (P g) = N (P bg). For this reason we
shall usually simply write N (P ) for this spae.
For the exterior derivative on funtions, N (d) is the spae of onstant funtions.
Clearly (3) implies N (d) ⊆ N (P ). Muh of the previous work on the presription
equation (2) has assumed, or restrited to settings where, the operator P has
trivial kernel, meaning N (d) = N (P g). In dimension n = 2, Qg is (a onstant
multiple of ) the Gauss urvature and P d is the Laplaian. Thus in this ase P g
has trivial kernel on losed manifolds. However in higher dimensions the operator
P g an have non-trivial kernel. For the Paneitz operator, in dimension 4, expliit
examples are due to Eastwood and Singer [17℄; see also [18℄. (Eah of these is a
onformally at produt of a sphere with a Riemann surfae and admits a metri
g with Qg onstant but not zero.) Thus here we restrit to n ≥ 4 and make some
rst steps to study the onsequenes of the GJMS operator P g having non-trivial
kernel. The rst suh is the existene of a lass of forbidden funtions, that is
funtions that annot be in the range of Q (in (1)), as follows.
Theorem 1.1. On a losed onneted onformal manifold (M, c) with N (P ) 6=
N (d), there are non-zero funtions u ∈ N (P ) suh that for no pair (g ∈ c, α ∈ R),
α 6= 0, we have Qg = αu. If
∫
M
Q is not zero or if dimN (P ) ≥ 3 then there are
suh funtions u whih are non-onstant. In any ase there is a spae of funtions
F , with innite dimensional linear span, suh that if f ∈ F then for no pair
(g ∈ c, α ∈ R), α 6= 0, we have Qg = αf .
Most of the Theorem is established in Setion 2. Lemma 2.2 identies a onfor-
mally determined linear spae of funtions (denoted N (Q)) as forbidden funtions
in N (P ). These funtions yield more general onstraints on the range of Q, as
desribed in Propositions 2.3 and 2.4. Setion 3 explores the spae N (Q) and its
relation to N (P ). Proposition 3.1 shows that the span of this subspae of N (P ) is
a ertain orthogonal omplement to the range of Q in (1). Proposition 3.3 gives
a strengthening of Theorem 1.1 for the ases where
∫
Q is non-zero. Theorem 3.4
shows that, when
∫
Q is not zero, N (P ) admits a onformally invariant diret sum
deomposition into the spae of onstant funtions versus the funtions suitably
orthogonal to Q. As explained there, one reason this is interesting is beause,
although this deomposition is onformally invariant, in the ase that there is a
metri g with Qg onstant it reovers the Hodge deomposition of N (P ). The
main remaining result in Setion 3 is Theorem 3.5. In the ases
∫
Q 6= 0 this
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shows that ertain funtions in N (Q) (if they arise) obstrut the presription of
onstant Q-urvature. This and the (more obvious) analogous result for
∫
Q = 0
lead to two interesting open questions whih are posed.
In Setion 4.1 we explain the link between the results here and the so-alled on-
formal harmonis of [10℄. Finally in Setion 4.2 we point out that almost all results
in the artile will extend to the presription problem for natural invariants in the
so-alled linear Q-spae. The latter are invariants whih transform onformally
suitably like the Q-urvature.
On the sphere forbidden funtions for Q-presription have been identied by
Delanoë and Robert [15℄ (and in fat those authors onsider a broader lass of
invariants than what we here all Q-urvature). These funtions violate symmetry
related Kazdan-Warner type identities neessarily satised by Qg; these identities
generalise those known for the salar urvature [24, 4℄. The funtions onerned
are obviously not in N (P ) and this is essentially a dierent phenomenon to that
disussed here.
Some issues related to studying Q-presription when P g has non-trivial kernel
were touhed on in [25℄. The urrent work was partly motivated by the questions
suggested there and by disussions with the author of that work, Andrea Malhiodi.
Conversations with Mihael Eastwood are also muh appreiated.
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2. The Proof of Theorem 1.1
We reall from [7℄ (updated as [8℄) the following observation.
Proposition 2.1. For u ∈ N (P ), ∫
M
uQg µg
is onformally invariant.
Here we write µg for the anonial measure determined by the metri. For our
urrent purposes it is useful to review the proof of the Proposition.
Proof: Reall that if ĝ = e2ωg, ω ∈ C∞(M), then we have the Q-urvature
transformation (2). Sine the measure µg transforms onformally aording to
µbg = e
nωµg
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we have∫
M
uQbg µbg =
∫
M
ue−nω
(
Qg + P gω
)
enω µg =
∫
M
uQg µg +
∫
M
u(P gω) µg .
But P g is formally self-adjoint [23℄ and so the seond term drops out. 
Let us write Q for the linear operator Q : N (P )→ R given by
u 7→
∫
M
Qgu µg,
and N (Q) for its kernel. Proposition 2.1 may be viewed as the statement that Q
is onformally invariant.
Lemma 2.2. If 0 6= u ∈ N (Q) then there is no g ∈ c with Qg = u.
Proof: Given u ∈ N (Q), suppose that for some g′ ∈ c we have Qg
′
= u. Then
u ∈ N (Q) implies that
0 =
∫
M
uQgµg.
Sine u ∈ N (P ), the right hand side is onformally invariant. So we may alulate
in the metri g′, whene
0 =
∫
M
uQg
′
µg′ =
∫
M
|u|2µg′
and so u = 0. 
Proof of the rst statement in Theorem 1.1: Sine N (d) ⊆ N (P ), and
Q : N (P )→ R is a linear map it follows that N (Q) has odimension at most one.
Thus if N (d) 6= N (P ) then N (Q) 6= {0}. So the rst statement follows from the
previous Lemma. 
So the non-zero elements of N (Q) are forbidden funtions. In fat we should
really view N (Q) \ {0} (and more generally N (P ) \ {0}) as a spae of onstraints
on the range of Q as follows. If f ∈ C∞(M) is in the range of Q then it must be
that there is g ∈ c with
∫
M
fuµg = 0 for all u ∈ N (Q) \ {0}. For g ∈ c, let us
write N (Q)⊥g for the orthogonal omplement in C∞(M) of N (Q) with respet to
the usual L2 inner produt on (M, g). Let us make the denitions
F g := {f ∈ C∞(M) : f /∈ N (Q)⊥g}
and
F := ∩g∈cF
g.
From the denition of F and an obvious adaption of the proof of Lemma 2.2 we
have the following.
Proposition 2.3. If f ∈ F then for no pair (g ∈ c, α ∈ R), α 6= 0, we have
Qg = αf .
From the proof of Lemma 2.2 we also have that
(4) F ⊇ N (Q) \ {0}.
The last statement of Theorem 1.1 uses the following.
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Proposition 2.4. If N (Q) ontains non-onstant funtions then the ontainment
in (4) is proper and the span of F is innite dimensional.
Proof: Observe that if u ∈ N (Q) then, for example, up ∈ F for p an odd positive
integer. If u is non-onstant then there is no linear relation among the up as p
ranges over odd positive integers. On the other hand N (Q) ⊆ N (P ) and N (P ) is
nite dimensional sine P is ellipti and M is ompat. 
In the spirit of the proof here, note that if f : R → R is any funtion with the
same strit sign as the identity then, for any u ∈ N (Q) \ {0}, f(u) is in F .
So to omplete the proof of the Theorem, the main remaining task is to show
when N (Q) neessarily ontains non-onstant funtions. Although various ases
are easily settled, it is worthwhile to rst look at the struture of N (P ).
3. The struture and role of N (P ) and N (Q)
Given a metri g on M , let us write Q
g
: C∞(M)→ R for the map
f 7→
∫
M
fQg µg.
(So Q agrees with the restrition of Q
g
to N (P ).) We have the following interpre-
tation of N (Q).
Proposition 3.1. Given a onformal lass c on a losed manifold M we have
(5) N (Q) = ∩g∈cN (Q
g
).
Proof: ⊆: From the denitions of Q
g
and Q, and the onformal invariane of the
latter, it is immediate that for every g ∈ c we have N (Q) ⊆ N (Q
g
).
⊇: Sine P g is formally self-adjoint, given u ∈ C∞(M), it follows easily from (2)
that if ∫
M
uQg µg =
∫
M
uQbg µbg for all (g, ĝ) ∈ c× c,
then u ∈ N (P ). If u ∈ ∩g∈cN (Q
g
) then we have the situation of the display, and
also that
∫
M
uQgµg = 0. So u ∈ N (Q). 
Remark: Note that, sine the L2 inner produt is denite, (exepting 0) the right
hand side of (5) onsists of funtions whih are manifestly not in the range of Q.
Thus the Proposition above gives an alternative proof of Lemma 2.2.
Here we are regarding Q as funtion valued. However we might also onsider
Q as taking values in onformal densities of weight −n, as in [10℄. As disussed
there, there is a onformally invariant pairing 〈 , 〉 between funtions and suh
densities. In terms of this 〈N (Q), 〉 is the annihilator of the range of the map (1)
and this haraterises the spae N (Q). ||||
For q ∈ R we use, as usual, the same notation for the onstant funtion on M
(whih, reall, we assume onneted) with value q. Sine, Pk1 = 0, it follows from
Proposition 2.1 that, in partiular,
kQ :=
∫
M
Qg µg
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is a global onformal invariant. Of ourse this was known well before Proposition
2.1 from [9, 5℄. This gives immediate restritions on the range of Qg. Let us write
E+ (resp. E−) for the spae of funtions f ∈ C∞(M) suh that f is pointwise non-
negative (respetively non-positive) but not identially zero. We will write E± for
the union of these spaes. If kQ = 0 then we have the well known result that any
f ∈ E± is not in the range of Q. In fat this is an example of f ∈ F \
(
N (Q)\{0}
)
:
when kQ = 0 we have 1 ∈ N (Q) and for no metri g ∈ c is f orthogonal to 1. Let
us reord then that in this ase, without assuming the ontainment N (P ) ⊇ N (d)
is proper, we have the following.
Proposition 3.2. If kQ = 0 then F ⊇ E±. In partiular F spans an innite
dimensional vetor spae.
Thus the last statement of the Theorem 1.1 has no new information in the ase of
kQ = 0.
When kQ 6= 0 then we still obtain an obvious (and well known) onstraint from
1 ∈ N (P ), but this of a slightly dierent nature sine the non-zero onstants are
not in N (Q). Combining this with the observations of Setion 2 we have the
following.
Proposition 3.3. If kQ > 0 (alternatively kQ < 0) then the funtions in E−∪F ∪
{0} (resp. E+ ∪ F ∪ {0}) are not in the range of Q.
Next we exhibit a deomposition of N (P ) whih establishes the seond state-
ment of Theorem 1.1 for the ase that kQ 6= 0; it shows that in this ase the
forbidden funtions of N (Q) are neessarily non-onstant. But it gives more than
this and is of independent interest.
Theorem 3.4. Suppose that kQ 6= 0. Then we have a onformally invariant diret
deomposition
(6) N (P ) = N (d)⊕N
(
Q) .
Warning: The deomposition of the Theorem is not neessarily orthogonal for
any metri g ∈ c.
Proof of the Theorem: N (P ) and N (d) are onformally invariant linear sub-
spaes of C∞(M). The vetor spae inlusion N (d) →֒ N (P ) is split by the
onformally invariant map
N (P ) ∋ u 7→ u0 :=
1
kQ
Q(u).
(So expliitly (6) is given by u = u0 + (u− u0) for u ∈ N (P ).) 
Remark: Note that, for N (P ), (6) is a onformal version of the Hodge deompo-
sition. We mean this as follows.
Suppose that there is g ∈ c with Qg = q onstant. Sine we assume kQ 6= 0, it
follows that q 6= 0. By the Hodge deomposition on (M, g), for any u ∈ C∞(M)
we have
(7) u = u+ u1
Q urvature and forbidden funtions from N (P ) 7
where u is a onstant funtion and u1 is a divergene. In partiular we may apply
this deomposition to u ∈ N (P ). We have u ∈ N (d), u1 ∈ N (P ) and∫
M
u1Q
gµg = q
∫
M
u1µg = 0.
So u1 ∈ N (Q). On the other hand
u0 :=
1
kQ
∫
M
uQg µg =
q
kQ
∫
M
(u+ u1) µg =
u
kQ
∫
M
q µg = u.
So also we have u1 = u− u0.
This shows that on (M, g) the Hodge deomposition (7), of N (P ), agrees with
(6). But the latter is onformally invariant and so gives a onformally invariant
and anonial route to the Hodge deomposition of N (P ) with respet to the
metri g that has Qg onstant.
In general we do not know there is a metri g that makes Qg onstant; there is
no preferred metri to exploit for a Hodge deomposition. Nevertheless we always
have the onformal deomposition (6). ||||
These observations suggest the following problem. Reall E± is the spae of
non-zero funtions whih are either non-negative or non-positive.
Question 1: Suppose that kQ 6= 0. Can the nite dimensional vetor spae N (Q)
interset non-trivially with E±?
This question is interesting beause if there are suh funtions then they obstrut
the presription of onstant Q-urvature. To simplify the statement, note that
f ∈ N (Q) ∩ E− is equivalent to −f ∈ N (Q) ∩ E+.
Theorem 3.5. Assume (M, c) is a losed onformal manifold with kQ 6= 0. Sup-
pose there is u ∈ N (Q) \ {0} suh that u is pointwise non-negative. Then 6 ∃g ∈ c
with Qg either pointwise positive or pointwise negative. In partiular there is no
g ∈ c with Qg onstant.
Proof: From Proposition 2.1 0 =
∫
M
uQgµg is onformally invariant, but for no
metri is u is orthogonal to to a stritly positive or stritly negative funtion. 
Note that if kQ = 0 then N (d) ⊆ N
(
Q). So we annot hope to have the
deomposition (6). On the other hand in this ase there is the possibility that
N (Q) = N (P ). There is a haraterisation of this situation, as follows.
Proposition 3.6. On a onformal manifold (M, c)(
N (P ) = N (Q)
)
⇔
(
∃g ∈ c s.t. Qg = 0
)
Proof: ⇐: For all u ∈ N (P ), sine we may alulate the onformal invariant
Q(u) =
∫
M
uQgµg using the metri g ∈ c satisfying Qg = 0, it is lear that
Q(u) = 0.
⇒: Suppose we start from an arbitrary metri g ∈ c and want to nd ĝ ∈ c with
Qbg = 0. The presription equation (2) has the simple form
Qg + P gω = 0
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and so, by standard Fredholm theory, is solvable if and only if Qg is orthogonal
N (P ) i.e. if and only if N (P ) ⊆ N (Q). 
Note that Proposition 3.6 is simply a restatement of an observation of Malhiodi
in [25, Setion 3℄ and there the following question is suggested.
Question 2: Suppose that kQ = 0. Can there be funtions in N (P ) whih are
not orthogonal to Qg?
As for question 1, suh funtions obstrut the presription of onstant Qg.
Remark and the proof of Theorem 1.1: Suppose that kQ = 0 and dimN (P ) =
2. Then either N (Q) = N (P ), and 0 is in the range of Q but all other elements of
N (P ) are forbidden, or N (Q) = N (d) in whih ase we annot solve for onstant
Qg, but we annot identify non-onstant forbidden funtions in N (P ). On the
other hand if dimN (P ) > 2 then it is lear that always we get non-onstant (and
even mixed sign) funtions in N (P ) that are not in the range of Q (as laimed in
Theorem 1.1). On the other hand when kQ 6= 0 it is immediate from, for example,
Theorem 3.4 that N (Q) \ {0} onsists of non-ontant funtions. ||||
4. Other links
We sketh here links with some related diretions.
4.1. Conformal Harmonis. As above the setting is an even onformal manifold
(Mn, c). In [10℄ a spae of so-alled onformal harmonis Hk is dened for eah
k = 1, · · ·n/2 (see also [1℄). This is a onformally stable subspae of k-forms that
ts into an exat omplex linking it to the kth de Rham ohomology spae Hk [10,
Proposition 2.5℄. For k = 1, and in our urrent notation, the omplex is
(8) 0→ N (d)→ N (P )
d
→H1 → H1
where the map N (P ) → H1 is just the restrition of d and H1 → H1 takes eah
1-form in H1 to its lass in H1. It is not known if the last map is neessarily
surjetive; by [10, Theorem 2.6℄ it is if N (d) = N (P ) and then H1 ∼= H1 (this is
termed strong 0-regularity).
Evidently the kernel of the map H1 → H1 measures the non-triviality of the
null spae of the ritial GJMS operator P . If kQ 6= 0 then Theorem 3.4 shows
that the omplex in the display may be simplied to
0→ N (Q)
d
→H1 → H1.
As mentioned above, there is an analogue of the sequene (8) for for eah
k = 0, 1, · · · , n/2. It turns out the ideas of setion 3 an be adapted to give a
generalisation of Theorem 3.4 whih applies to all of these (and hene yields ad-
ditional struture to the theory in [10℄), although for k ≥ 2 the situation is rather
more subtle than the ase here. This will be taken up elsewhere.
4.2. Presription problems for natural salar invariants in the linear
Q-spae. Construtions of natural salar Riemannian invariants with onformal
transformation properties similar to the Q-urvature have been desribed in [19, 20℄
and [11℄. In Setion 5 of the last referene two systemati onstrutions are given
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for suh invariants Kg and in eah ase this has the property that for g, ĝ ∈ c we
have (f. (2))
ĝ = e2ωg ⇒ Kbg = e−nω(Kg + Lgω),
ω ∈ C∞(M), where Lg is a formally self-adjoint linear dierential operator (ne-
essarily onformally invariant) of the form a omposition
Lg = δM˜d,
where, reall, δ the formal adjoint of d and M˜ is some linear dierential operator.
Eah suh quantity Kg yields a variational presription problem (the ase of pre-
sribing onstant Kg is disussed in Setion 7 of [11℄) along the same lines as that
for the Q-urvature.
It follows easily from these onformal transformation properties displayed that
Theorem 1.1 and, apart from Proposition 3.6, essentially all the results from Se-
tion 2 above will hold if Qg and P g are replaed by, respetively Kg and Lg. For
Proposition 3.6 we still have the impliation ⇐ if these replaements are made.
The other adjustments are: for the analogue of Proposition 2.4 we do not neessar-
ily have proper ontainment and this would aet the analogue of Theorem 1.1 in
the obvious way; sine Lg may not be ellipti, the spae N (Lg) will not neessarily
be nite dimensional.
Note that at one extreme we have the ase thatKg is simply a natural onformal
invariant (e.g. the Weyl urvature squared ||W ||2 in dimension 4). Then Lg is the
zero operator. In this ase we trivially have N (L) = C∞(M) and the analogue
of N (Q) is stritly smaller than N (L) and onsists of all funtions whih are
orthogonal (with respet to the L2 inner produt for g) to Kg for all g ∈ c.
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